A note on a result of Kuniyoshi  by Hajja, Mowaffaq
JOURNAL OF ALGEBRA 92, 171-175 (1985) 
A Note on a Result of Kuniyoshi* 
MOWAFFAQ HAJJA 
Department of Mathematics, Yarmouk University, It-bid, Jordan 
Communicated by Richard G. Swan 
Received March 19, 1983 
Let k be a field of characteristic p > 0 and let s be a k-automorphism of order p’ 
on K = k(X, ,..., X,) acting linearly on the Xi’s We construct (for K) a “canonical” 
base on which the action of s exhibits both the rationality of K” and the fact that s 
is completely determined by r and R. This implies, in particular, a previous result 
of H. Kuniyoshi (T6hoku Math. J. 6 (1954), 101-108) regarding the rationality of 
the cyclic automosphism, X,+X,-+ ... +X,+X, with R =p’. 0 1985 Academic 
Press, Inc. 
DEFINITIONS. Let k be a field (fixed throughout) of characteristic p > 0 
and let s be a k-automorphism on the rational (=purely transcendental) 
extension K of k. (Throughout, all extensions are rational extensions of k of 
finite transcendence degrees and all automorphisms are k-automorphisms of 
finite orders. Also, if an extension is written in the form k(X, ,..., X,), then it 
is tacitly assumed that {X, ,..., X,,} is a base of K, i.e., a transcendence basis 
generating K.) 
s is said to be rational if the s-fixed subfield KS of K is rational, and is 
said to be linear if it acts linearly on some base of K. If s is linear and if 
there exist Z E K and f(r) E k[ T] such that f(s) Z = 0 and such that 
(s’(Z): 0 < t < degree(f)} is a base of K, then s is said to be cyclic linear. If 
s is cyclic linear and if order (s) EpN (the set of powers of p), then its 
characteristic polynomial is of the form (T- l)d and K has a base {sf(Z): 
0 < t < d} with (s - l)d(Z) = 0. The operator (s - 1) is denoted by d, and 
the subscript s is dropped when no ambiguity may arise. The simple fact that 
d(s) = (.4(f))” if n E pN is freely used. 
s is said to be canonical if K has a base {W,,..., W,.;F,,..., F,} such that 
d(F,) = 0 for 1 < t < m and such that the following three conditions are 
satisfied for 1 ,< t < r: 
d(W,) = 1 
d(W,)E WV,,..., W,-,> 
dp’+‘( W,) = w,- 1. 
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We then say that s acts canonically on the (ordered) set 0 = (IV,,..., IV,} 
and that a is s-canonical (or simply canonical). The simple facts that 
dp’( IV,) = 1 for 0 < t < r and that order(s) =p’+ ’ are freely used. If m = 0, 
we say that s is purely canonical. 
We say that the k-automorphisms s1 and sz on K, and K, (resp.) are 
equivalent (and we write s, - sz ) if there exists a k-isomorphism s: K, -+ K, 
such that s-‘s2s = s,. 
LEMMA 1. Ifs is the k-automorphism of K = k(X, ,..., X,) defined by 
then s is canonical. 
Proof: Setting Z, = D, = 1, we proceed inductively on n = 1,2,..., R, 
saying that the nth stage (of our proof) is completed when we have 
constructed {Z, , D,: 0 < t < n - 1 } such that the following conditions are 
satisfied for 0 < t<n- 1: 
k(Z, ,..., Z,) = k(X, ,... X,) 
D,Ek(Z,:i<t,iEp”) 
A@‘,) = D,- 1 
Z,=D, if t Ep” 
A (Z,) = 0 if t&p” 
A(X,)=c (Z,D,-,-j:O<j<n- l,j&p”) 
(Dt is nothing but D’(1) with D standing for a certain inverse of the operator 
4 
Clearly, the first stage is already attained. Assuming that the nth stage 
(1 < n < R) has been completed, we proceed to complete the next one. 
If n@p”, let m be such that pm-’ < n <pm. Since pm - 1 > n, then 
APm- ‘(D+ 1) = 0. H ence, by the additive analogue of Hilbert’s Theorem 90 
[3, p. 2151, there exists an element D, in the (s-stable) field 
k(Z,: i < r, i Ep”) with A(D,) = Dnel. Set 
To show that A(Z,) = 0, just observe that the Zj’s appearing in the above 
summation are s-fixed and therefore A(ZjDn-j) = ZjA(Dnmj) = ZjDnelej. 
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since D, = 1. 
If n=pm, then set D,=Z,=X,-x(ZjD,_j:O<j<n- lTj@PN). 
Thend(D,)=C(ZiDn_l_j:j=O)=ZODn_l=Dn--l. Also, 
=x (ZjD,_j:O<j<n,j66pp), 
since Z,D, = lZ, and since n E p’. 
Thus we can assume that the Rth stage has been completed. Set 
z, =x, -C (ZjDR_j:O<j<R - l,j@P”) if R@p” 
=XR-C (z~D,_~:O (j<R - l,j@P? if REP’ 
where D, of the first line is again obtained by the additive analogue of 
Hilbert’s Theorem 90. The proof is completed by setting IV, = ZPl and letting 
F’i)s be the remaining Zi’s. 1 
LEMMA 2. Canonical automorphisms are rational. 
Proof: Let s act canonically on {W,,,..., W,} and let L be the sPr-fixed 
subfield of K = k(W,,,..., W,.). Since d”‘(W,) = 1 for all t, then 
L = k( I+‘, ,..., IV-, , A), whereA = W,(W,.+ 1) ..+ (W,+p- l)= Wff- W,. 
d(A) = (d(W,.))p -d(W,) E k(W,,..., W,_,). Also, dprP‘(/4(A)) =dp’(A) = 
(dpr( W,.))p - dp’( W,.) = 1 - 1 = 0. Hence there exists (by the additive 
analogue of Hilbert’s Theorem 90) UE k(W,,,..., W,_,) such that 
d(U) = d(A). Therefore, L = k(W,,..., W,_, ,A - U) with A - U s-fixed and 
with the restriction of s to L canonical of smaller order. Now the proof of 
our Lemma follows by induction. I 
LEMMA 3. A cyclic linear automorphism s with order(s) EpN is 
canonical. 
Proof: Let s be the k-automorphism on K = k(s’(Z): 0 < t < d) with 
dd(Z)=O. Now let Yi=di(Z), O<i<d. Then 
d(yi)= Yi+l> d(Y&,) = 0. 
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Replacing each Y,, t # d - 1, by Yt/Ydml and then applying Lemma 1 to 
{Y&2,..., Y,,}, one sees that s is canonical. I 
LEMMA 4. The tensor product of canonical automorphisms (being an 
automorphism on the tensor product of their respective domains) is again 
canonical.’ 
ProoJ Let s be the k-automorphism of k( W,,..., W,; V,,,..., V,) acting 
canonically on both { W, ,..., W,} and {V,, ..., V,} and suppose that m < r. 
Let A= V,,,-- W,,,. Then A”“-‘(A(A)) = 1 - 1 = 0 and hence there exists 
U E k(W, ,..., W,,-,; V0 ,..., V,,-,) such that A(U) = A(A). We now replace 
V, by the s-fixed A - U and we proceed inductively to replace all the Vi’s by 
s-fixed elements. 1 
THEOREM 5. A linear automorphism s on K with order(s) E p” is 
canonical (and hence rational). Furthermore, s is characterized (up to 
equivalence) by its order and by tr . dg,K. 
Proof From standard linear algebra, s is the tensor product of cyclic 
linear automorphisms. Applying Lemmas 3,4 and 2 yields the first part. The 
last statement follows from Lemma 6 below. 1 
LEMMA 6. Purely canonical automorphisms of the same order are 
equivalent. 
ProoJ Let { W,, ,..., W,.} and {WA ,..., W;} be bases of K on which s and s’ 
(resp.) act canonically. We will show the existence of a k-automorphism ,D of 
K (not necessarily of finite order) such that ,U - ‘s’,u = s. 
For n = 0, l,..., r, let K, = k( W,, ,..., W,), KA = k(Wb ,..., WA) and let the 
same letters s and s’ denote the restrictions of s and s’ to K, and K; (resp.). 
Let A = s - 1, A’ = s’ - 1. We will inductively construct k-isomorphisms 
pu,: K, + K; such that p;‘s’pu, = s and with ,u,,+, =,u, on K, . ,u, will then 
have the properties required of ,u. 
Let ,uO be defined by ,u,,(WO) = W/, and suppose that ~~(0 < n ( r) has been 
constructed. 
Let A(W,,+,)=F,EK,, A’(W:,+,)=F:,EK:, and ,u,JF,)=G;EK:,. 
Since s’ is canonical, then A’pntl- ‘(FL) = A’pn+‘( WA+ 1) = 1. Similarly, 
A P “+I-l(FJ = 1 and therefore A’p”+‘-l(G~) = 1. Hence A’p”+‘-l(GA -FL) 
= 0. Therefore there exists (by the additive analogue of Hilbert’s 
Theorem 90) an A E KA such that A’(A) = GA -FL. Now define ,u,,+ 1 by 
,u,,+~(W~+~)= WA+,+A. It is easy to check that ,~,;f, s’,u,,+~=s, as 
desired. I 
’ By the tensor product of fields, we actually mean the quotient field of the tensor product. 
The same holds for [ 11. 
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Remark 7. Let s = sd and S = S, be the k-automorphisms defined on 
K = K, = k(X, ,..., X,) by 
s(X,) = S(X,) = xi+ 1 for 1 <i < d 
(s- l)d&=O; (S - l)dXi = 1. 
By observing the action of S on the base {(S - l)‘X,: 0 < i < d}, one 
concludes by Lemma 1 that S is canonical. Also, s is cyclic linear and hence 
canonical by Lemma 3. It is also clear that the orders of s and S are equal iff 
d @p”. Thus, in view of Lemma 6, we have proved that sd and S, are 
equivalent iff d 6%~“. 
Now let n be in p and take d above to be the degree of the nth cyclotomic 
polynomial 0,. Then d(=(p - 1) n/p) Ep” iff p # 2. Therefore if p # 2, then 
S, is linearizable. We will now see that if p = 2, then S, cannot be 
linearized. Assume, to the contrary, that K, has a base B on which S, acts 
linearly. Then the characteristic polynomial of S, (relative to B) has degree 
d = n/2 and is a product of factors (and hence a factor) of (Torder(Sd) - 1) = 
(T” - 1) = (T- 1)“. Therefore, n = order(S,) < n/2, a contradiction. Hence 
S, is linearizable iff p # 2. Combining this with the proof of [ 1, Theorem 31, 
we obtain the next corollary. 
COROLLARY 8. Let n be a power of a prime p and let k be any field. 
Then, using the terminology of [ 1, Theorem 31, 0, is linearizable except 
when char(k) =p = 2. 
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